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INFORMAL, BUT ESSENTIALLY LOGICAL POINT OF VIEW. PART 1 DESCRIBES 
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FAMILIARITY WITH NUMBER CONCEPTS - (1) AN EXPERIMENT INVOLVING THE 
BASIC CONCEPTION OF "MORE THAN" WITHOUT NUMBER IDEAS, (2) AN 
EXPERIMENT INVOLVING ONE-ONE CORRESPONDENCE, AND (3) AN EXPERIMENT 
INVOLVING CONCEPTS ON SETS AND CARDINAL NUMBERS. PART 3 SHOWS THE 
INTER-RELATIONSHIP BETWEEN COUNTING AND ORDER. <RP) 
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Thd conoept of the '^counting numbers*% which ore known to 

niatheiaatioiana as "natural numbers" or "positive integera'% is deeply 
ingrained in moat of us* So deeply* in fact* that it is aometiznes difficult 
for us to understand how a child leaxns this concept and to appreciate the 
trouble that the human race has encountered in utilizing number ideas* 
Consider# for exaT:tple* a kindergarten teacher, whose class is given dixie 
cups by a donor uncertain of the size of the class* The teacher quickly 
determines which is more t the number of dixie cups* or the number of 
kindergarteners* In order to determine this* she counts the dixie cups 
and visualizes a one^one oorreanondence between the set of kindergarteners 
and (hopefully) a subset of the dixie cups* 

In order to see more fully the differences among the three notions 
underlined above* and the relations among them* consider these situatlonso 
lo Levi Conant in The Number Concept tells of a farmer vzho was 
determined to be rid of a certain pesky orowi. The crow* however, flew away 
whenever the farmer left the house with his shotgini* a3id returned to the 
com crib only when the farmer returned the gun to the house o The farmerj 
not to be outfoxed by a orow* persuaded a friend to bring his gun along ^ 
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bis next vioit. When the friend arrived ^ he and the farmer stained for 
the bam^ guns in hand* The crow flew off, to watoh the prooeedinge fron 
the eofety of a distant tree. The farmer returned hie gun to the house 
while his friend waited in the ban. for the crow, ftit the crow remained at 
a distanoe, until the farmer’s j^riend returned to the house in dis^at* 

The fanner’s next move was to call the members of the HFO (National 
Farm organization), who were to meet at his house the following weekend, 
and invite them to bring their shotguns* \7hen they arrived, three farmers, 
’ with shotguns, headed for the bami where one remained while the other two 
rdtiimed. From the safety of the tree, the crow commented ”oaw”. The 
fainners tried again, sending four of their members to the bam* Still the 
crow wasn’t fooled* Finally* when five armed farmers entered the barn and 
four of thorn returned to the house, the crow flew up from his tree and 
down toward the oom-orib and his doom!* 

In this story, the crow was presented with a simple more th^ 
problems to determine whether the number of farmers entering the bam 
was more tha n the farmei^s returning to the house* The problem was clear, 

the technique of solution was lacking* 

2o A neighboring tribe threatens to attack a primitive village o The 
chief of the village decides to stand and figiit if his x^arriors are more 
than the attacking warriors, and to retreat otherwise. He sends a scout 
to determine the sia© of the enemy force* 1*he scout returns and reports s 
”many"* The chief perceives this as an inadequate reply, but is at a loss 
as to what to do about it, since the tribe’s language is undevexoped and 
has only three number mrdB^ one, two, and many.) 'The village wiseman is 
summoned to attack this technical problem* He sends the scout out with a 
pouch of pebbles and an erpty poxxch* For ©aoh enemy the scout transfers 



f 



f 




ond pebbla to thd empty poubh* He then returns and presents the poudh with 
the transferred pebbles to the ohief* 

I 

A^|n the problem wos oleart but the technique for Its solution was 
hwkward* Counting would have saved the orow and helped the ohief* 

V/e oan guessf from speculating about situations such as the ones above, 
that' number concepts were developed in close relation to the real situations 
in which they were, needed* On the other hand! the child of today normally 
learns to count before he hue much number understanding* In fact, he often 
memorizes a sequence of number words before he has any conception of their 
significance* To a child of two or three years, abbreviating "1,2, 3,4, 5*' 

t 

to "2,4,5" is no different than abbreviating "Ibr dolly is sleeping now" to 

* 

"doll^ Sleep now"* Ehrther, intelligent use of counting involves much more 
than memoarlaing a seqdenoe of words in the proper order* For example, as a 
child la tau^t to enumerate sets of objects with the number sequence^ he 
moy at first think that he is being taught names for the objects, as ie the 
case when his mother points to a chair and soys, "chair”. It is common for 
young children, in early imitative experimenting with the process of 
counting objects, to say the number v;ords over a set of objects with nc 
apparent thought of matching one number with each object* 

SOME PSYCHOIjOGICAL KVIBaNCB 

Psychologists have studied the understandings and partial understandings 
of number concepts gained by children at various stages in their development* 
Without atterr.pting a full analysis of the psychological theories involved, 
wo can, by examining some of the work of these psychologists, gain insight 
into the kind of thought that children apply to number situations* 
Specifically, let us look at a few of the experiments performed by Piaget^ 

1* Jean Piaget, fhe 6hild*s Concentioh of Kumber * (New York, The Humanities 
Press Ino*, 1952T p« G~64 ^ 



and hia aasooiatea in order to understand better the process a child goes 
throu£^ in attaining a working familiarity with number conoepts* Keeping 
these experiments in mind while reading Unit IX should also allow a 
comparison of the development of number ideas by children with the same 
ideas developed from a more mathematical and logical point of view© 

An Krueriment involving the Basio conoaption of ^*more than” without number 
ideas t 

Clairetie« a four-year-old girl^ is given a glass % fall of orangeade 
and her companion is given a similar glass fbll of lemonadeo 




Clairette agrees that both glasses have the same amount ”to drink’*. Xn 
sight of the children, all the orangeade is poured into two smaller glosses 

e 

ows the experimenter asks which is more, the ox^geade dr the lemonade. 




Clairette now asserts that there is more orangeade. She maintains this 
in spite of further questioning. The experiment continues with the 
orangeade being poured into a long thin tube. 




In this case the four-year-old asserts that there is more orangeade than 
lemonade. When asked why, she says, "We*ve poured it into that glass.” 
3?inally, the orangeade is poured into two glasses, and the lemonade is 
poured into two similar glasses. At this Clairette says, with conviction, 
’’They are the same.” 
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Ai> Baroetlttont lAVoli^ng Qne^One Gorgespondenoe t 

SoTen eg^oupi are placed on a table in front of a bogr of four yeare# 

• . * * 

nine nonthe* He is dlreoted to "talcs Just enou£ii egips for the egff-Cups, 
not more and not less » one egg for eaoh oup"» The child begins by putting 
next to the egg-bups a row of eggs of the aaaO length» but containing too 
many oggso 

ooo 00 0 ooo 

The eggs are then put in the cups and the extra ones reinovedo 

MM M S. 

The seven eggs are removed from the oupsy and put intr a groupe 

The experimenter asksf "Is there the same number of eggs and egg-cups?" 
"Nop there are a lot of egg-cups and less eggs«" 

"Are there enough eggs for the ©gg»«cup8?" 

"NOo" 

All of the eggs are removed and four are returned in a row of the same 
lengbh as tho rov; of oupso 

0 0 0 - O ' 

"Are there enough eggs '^or these egg ouus?" 

"Yeo." 
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The boy triefl and aeens very inuch surprlsod that lihero are not enongbo 

On another trialf with only three eggs for seven cape, the oorreot 
rosponeei "There'll be soiae empty egg-oupe" ie giveSo 

Ap Bg perlment Itivolvlng both oofuntlng and ooe« one oorreepondencet 

The experioentor and a 5^^ year-old boy plcy ©aoe In which the 
experimenter eello sweets for 10 per candy. The child is given eight 
pennies to buy sweets. He counts the pennies and exchanges then in a one 
for one manner for sweets. 

The experimenter asks, "How many sweets have I given you?" 

The boy oounte« "Bight." 

The experimenter hides the pennies under his hand. 

He asks, "How many i»ennio8 have you give.j me?" 

The boy answers, "Ten." 

Similar experiments indicate that before a child will answer correctly 
questions of this type, requiidng use of one-one correspondence combined 
with counting' to establish the number of elements in a set, ho progresses 
through stage 3 of answering correctly for certain numbers, but not for 
larger ones. For example, a child may respond correctly for sets of 
three pennies and sweets, but fail to do bo for seven. 

Althoufiii our main purpose, that of training some insight into a 
child's dove3.opment of understanding of number concepts, may be adequately 
served by considering these experiments in isolation, let us briefly 
pursue a portion of the psychological theozy explaining the behavior 
described. This theory centers around the notion of "conservation". Two 
types of conservation involved in the experiments described above are 
conservation of amount and conservation of number . 
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In sltuatlono such as tho lemonade experiment f a child is said to 
have achieved conservation when he realizes that the amount of liquid 
does not depend on the number or shape of the containers vhich hold it« 

In performing hie experiments » Piaget observed that a child passes throufd^ 
stages of "partial conservation” » characterized by conflict between direct 
perception and reason* For example f in the lemonade oxperiioentf a child 
may admit that the amount of liquid in a glass is conserved when it is 
poured into two aimilarily shaped glasses* but bo bveroome by his perception 
if the same liquid is poured into four tall* thin, glasses* which roalces it 
look to him as though the amount of liquid has incroa8ed>o 

The idea of amount is a mathematloal^physical concept which may 
produce conflict when a child is learning about number* In some situations* 
tho ”more than” relation holds between two amounts or physical quantities 
ouch as volumes or distances, but fails to hold between a related pair of 
numbers o. For example* you may get further with two giant steps than with 
three baby steps. 

A child has developed conservation of number for a pa3rticular set 
of objects when he knows that the number of elements in the set is 
unaltered by manipulation of the elements of the set (assuming, of course* 
that the elements themselves are left intact.) In the egg^qup experiment* 
a child would demonstrate this conservation by realizing that the number 
of eggs in a set is the same whether the eggs are in a pile or stretched 
out in a long line. Partial conservation would be evidenced by a child's 
conserving the number of a set of four eggs, but not of a set of seven j 
or by conserving the number of eggs in a pile when the eggs are airranged 
in a short line, but not when the eggs are used to make a long lineo 

This brief explanation of some of Piaget's work does not give an 
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adequate; desoription of his thsoiyo It suggests » however, that eYea ,j b . h a 
most jPimdamental number oonoepta are not gra sped at oirioe by ehildreo.,. tot 

attained slowly, thrburfi experience o 

In this aootlon, we have speculated about the historical development 
of number concepts, and we have looked at one theory of the deve3.opment 
of number concepts in individuals© In the next section, the mathematical 
ideas inherent in the natural numbers will be more carefully investigatedo 



BXlSRCISES AND DISCU3SI0H QUESH?IONS 

1© In the crow story, a sufficiently clever bird mi^t have used 
some device to help him solve his problerai How might he have used 

a© his toes? 
b. some acorns? 

0 * his beak to mai’k the tree? 
d. some other device ? 

2^ Xn the primitive king story, the king decides to divide his army 
into three equal parts, one for defens©, one to attack the enemy 
camxj, and on© to protect his saored person© 

£L© How oould he use the pebblos to performs ’ijhis division* 
bo Concoct a situation fox' the king requiring addition and another 
requiring subtraction, and dea cribs a solution using peboles© 



0© 



Gonjurs up a division cituation i’ox th> king, rr. waich tao 
given information in eludes t'-.') r-.r,iber in •:'aoh but not 
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Suggest another conservation of number experiment, and 
spooulata about its out cornea 

Co, iVom your experience, deeoribe some difficulties you have seen 
young children have in understanding basic number ideas. Are 
the difficulties explainable in terms of consenration? 
d. %■ what age do you think most of children conserve 

quantity^ The number of elements in a set? 



INTROD0OTIOK 

The modem mathematical attempts to analyze the natural numbers are 
attempts to break down the number concept into compCnent fundamental ideas.. 
The relation between the fundamental concepts isolated by mathematicians 
and the fundamental concepts which a child Erust attain in the development 
of useable number ideas is of considerable interest. In order to discuss 
this relation intelligently, soma understanding of the set theory 
discussed in this unit will be needed. 

SET AND ELEI^IilliT 

The most fundamental pre-number concept in mathematios is that of a 
set. A set is a collection of ob^jeots which are called the eliMnM of 
the set. As usual in mathematics, the fundamental terms are repeated 
often, so that some symbolic abbreviation is helpful. Thus, a set is 
often described by listing its elements between braces,^ j[ . For example, 
{a, a, i, o, uj is the set whose elements are the letters in our alphabet 



Unit 2o Sets and Cax'dlnal Number 



which are always vov/els. We can give this set a name by letting 

By introducing the symbol C for the words an 
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element of” we can simply say ”aeA” rather than the longer ”a is an 
element of the set whose elements are Sf e* if Of n”<> 



identified* Thnot whenever a specific set is being consideredf it 
should bo made clear what the elements of the set are* In particalor, 
since y is SOI®TIT!!KS but not always a vowel, to speak of the ”set of 
vowels” is embiguous, that is, no set is determined by the words in 
quotation marks* 

Possibly some intuition into basic set notation can be gained by 
considering briefly the motivating philosophy for the creation of seif 
theory* 'fhe idea of set formation was conceived as a formalization of 
one of the most fundamental intellectual processes s the process of 
gathering together a collection of things into a single category* Basic 
set notation is meant to convey this fundamental notion, and nothing..S2^ 

In keeping with this outlook, {agbfCjj and {b,c,a,} are the same set, 
io©G = {b,a,^o V/e are forced into two symbols for the same 

set by the unav0ida.b2.lity of writing symbols for the elements in some 



The crucial property of a set is that its elements be unambiguously 



order* 





the set \<iho^iO 
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There is another situation which arises because of our use of 
symbols to denote the eloinenta of a set* and which needs to be tahen into 
account ih teaching children about sets* There are instances in which 
maintaining a careful one-one correspondence between symbols and ob;)eots 
becomes awlcv/ard* For examplet if we wish to picture the set of John's 
merbles; we might use the symbols rather than ^i»OtO»o«(^i to 

indicate that there are actually five different marbles not merely one 
marble pictured five times* On the other hand| sometimes the desire to 
use precise symbolism should bo overridden* Answering the question *'\'/hat 
are the funny marks on the marbles?" might not be a good starting place 
for a lesson about sets or addition, and children will normally assume 
that the marbles are different even though the typed symbols look alike* 
Tlie point is that if a set is to be discussed, you, as learner or as 
teacher, should make certain that it is clear precisely what the elements 
of the sot are* 

The symbol is used in a somewhat special sense in set theory 

While in some contexts it might be proper to say that 

a doaen marbles ~ a doaen pencils, 

in set theory, is used only to mean that the two sets mentioned are 
actually the same set* Thus -£a,a,b3 ~ means that ■^a,a,l^ and ^b,^ 

are aotiaally the same set* 

Set theory allows a set that has no elements, whiesh is called 
the empty set* Using this symbol, we can express the fact that there 

are no elements common to {a, hi and {cjd^ by saying thiit ^ is the set of 

elements vi-hich are in both {ajb^ bmA {o,djo This special and very 
rodimentary set, has an important role in the mathematical development 



of number* 
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Let us now use the convenience of the eyishole of set theoxy in 
examining fundamental number ideas o 

CARDINAL NUMBER 

^he approach to numbers used by the primitive king in the first unit 

is studied in mathematics througii one to one corrospondence« Two sets can 

be put into one to one co3?reapondence if their elements can be matohedo 

For examploy the diagram below represents a one to one correspondence 

between the sets A »*£a#b,^ and B 

a b c 

11 ! 

Q A O 

We will use the symbol«^to indicate that two sets can be put into one to 
one coirespondence. In the example above > is read A is equivalent to 
Bo In contrast 15 A « B msans that A and B are different names fox' the same 
3©to With an eye to psychological theory and its implications for the 



classrooms we note that A-^B is also deiuonstrated by both of the follox^ring 
diagraraes « 




‘••A , . •. > ''."r a /*•> '' * ' *,'■ I • t ij r ^ ^ ;t* ■- > ■'» f f „ 
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Conaeg^tloil over naira used is achieved when a child recognizee thit the 
equivalence of two eete cannot be destroyed by changing the matching ueedo 



For examplOf 

a b 0 



P AO 

Figure 



O □ A 

Figure 4® 



both show that A^^Bo 

Copaeiyatlon over configaaration is achieved when a child recognizee that 
the equivalence of two sets cannot be destroyed by moving the elements of 



the sets* For example » 
a bo 



n A o 

Figure 5o 




A 



Figure 6* 



Configuration conservation is a psychological and pedagogical concept# 
but not a concept of Hiathematical theory <, As discussed earlier, the basic 
sat theory notion is the ”is an element of” or “belongs to” notion » 
Oe{/!7,Ap3 regardless of where £J is, or if it is aGtnally anywhere o 
Stated more properly, this says that the location of the elements of a 

set is not peirfcinent to set theory o 

A mathematioal approach to number commences with the definition* 

two sets have the same cardinal n umber; if they ar-^ equivalent o It is 
wortJiy of note that this definition does not exx^lioitly define cardinal 
number; it is not stated in the form "a ci3.rdinal number What 




} 



the definition gi^ee is a relation between pairs of sets. If two eete 
are speoifiedf the definition allows us to answer the "yes or no” queetiont 
do these two sets have the sene cardinal number? 

Aooordin^yt we can deooribe one property of a set by saying that it 
hs f* the same cardinal number as some other set* Fbr examplOf the set of 
fingers on my left hand can be described by saying that it has the same 
' cardinal number as the set of toes on my loft foot. It has the same 
cardinal number as any set of pennies which is proper change for a niokely 
and the same cardinal number as the set ^yhyCtdi^o A young Child shows 
understanding of the cardinal number concept when he holds up two fingers 
and soys ”I want this many Cookies” > or when he tells how many eyes he has 
by holding up two fingers and says "this many'*# The wise man in the 
primitive king story also understood the concept when he had the scout tell 
hov/ many enemy troops there were by handing the king the pebbles and saying 

”this many”# 

MATJn3^A0?ICAL DEBINI'HOKS OP JIUI'IBER BASED ON EQUIVAMCB^ • 

As developed above f cardinal number is defined by the statement • 



lo A fev; of the sections which follow are marked with a While 
undex'standing these sections requires no added background, they have 
t\^o objectives beyond those of the unatarred sections. B’irst, they give 
historical background concerning the mathematical development of some 
topics which relate directly to the number and order ideas of these unite. 
Second, they consider number and order ideas a more philosophical and 
mathematical sense than is necesaaiy for a first consideration or for 
classroom use. (This is not to imply tha,t they would not be uaeful.) 

More specificjally, the first three starred sections look at attempts to 
answer the innocent sounding, but philosophicsJly and mathematically 
troubling, questions what is a number? 

As stated above, the ataxTed sections require no added background. 
However, they are independent of the other sections, and constitute 
digressions from the main flow of ideas, do that the reader may wish to 
omit them on first reading. 




**Tvo BotB bavA the Aome oardlnal flumber if they are equivalent Altbou^ 
for noit purposee thie definition ie adequate* lii a logical sense it would 
be iBore satieflirihg to have a definition that begen ”A cardinal number is****** 
Such a definition would permit a direct answer to ^e question* what is a 

oardinal number?^ rather than the somewhat indirect answer that a sAt has 

% 

a oertain oardinal number if it is equivalent to a set which is known to 
have that cardinal number* 

One way to make such a definition is to define cardinal number as a 
property abstraoted from equivalent, sets* This viewpoint was taken by 
Geor^ Cantor in 1895 t 

We will call by the name ”power” or ’’oardinal number” Cf 
14 the general concept which* by means of our active faculty 
of thought* arises from the aggregate /pet| M when we make 
abstraction of the nature of its various elements m and of the 
order in which they are given* 

We denote the result of this double. act of abstraction* 
the oardinal number or power of M* by^o'*’.** 

Of fundamental import on oe is the theorem that two 
aggregates of M and N have the same cardinal number if* end 
only if, they are equivalents thus* 

from we get M » IT* and 

from 1 B ff.we get M'<>W*^..* 

To contrast this with what follows* note that to Cantor* a set and a 
number are dissimilar in natura« To him a set is a collection of definite 

X 

and separate objects*^ while a number ia an abstracted property Cantor 



■ 4M i pww» . u p i W’ii rjuya. iimi M t mm m jm i iw i ia iw i w » w i«w i nmw ii irj iBii M 

1.0 Cantor* Georia:, Contributions to the Founding of the Theorv of 
Tranafinite Nuraberso Translators Philip 33«. B* JourdaiHo New Yo.rks 
Dover Publications, Inc«, 1952, p. S6o 
2e Ibid« po 07 « 

5o Ibido- po 85« ”By an ’aggregate' (Men;re) we are to iwiderstand any 
collection Into a whole (ZusaLimenfassiin.^* f?u ciinen G.atsson) I:i of definite 
and separate objects m of our intuition or our thouglit*^’ 
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aakSf "Is not on aggro^to an object outside us» whereas its cardinal 



arolded introducing the notion of abstract property In the definition of 
mmber by defining a number to be a sett "The number of ^ class j[s9^ 



Russell Justified this approach! 

We naturally think that the class of couples (for example) is 
something different from the number 2o Bat there is no doubt 
about the class of couples s it is indubitable and not 
difficult to define f whereas the number 2^ in any other sensei 
is a metaphysical entity about whioh ve can never feel sure 
that it exists or that ve have tracked it down* It is 
therefore more prudent to content ourselves with the class of 
couples I which we are sure off than to hunt for a problematical 
number 2 which must always remain elusive*^ 



STiOTARD SmSQ 

Let us coi^slder further the abstraction involved in answering a 
question with the word "five" rather than displaying the fingers on one 
hand and saying "this many". V/hen w<^ tell a person \-tho knows about using 
cardinal muDbersp that set has five elements, he knows that the set wd are 
trying to describe has the same cardinal muaber as the set of fingers on 
any. well-formed hand, or any set of jpennies whioh ia proper change for a 




the olasa of all those classes that are /equivalenj^ ^ 

Contoi^f 2 is a property which can be abstracted from the set while 

for Frege and Russellf 2 is the set of all sets equivalent 





lo l*bido ^ 
2o Huasellj, 
Goorge Allen 
3 <. Ibid^. 



80 o 

Bortrand, ‘ Londons 

& Umdn, md.f 1^8s p. 18u 
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nidcal* 6t tho set {vyW»x»yt^« ^or the sake of definiteness | ve Bay 
dhoose on\e sudh set as a standard for IPhen, when we say that a set has 
5 elenentiif vd will mean that the s,et In question has the same oft y di na - l 

f t 

ttumber as the standard set we have speoifled for 

tthe oholoe of a standard set fOr 9 is beat determined fros the 
eiipexlenoe of the user* Sinoo we have made extensive use of sets of 
iettersf let us tentatively agree to say that any sot that has the sane 
oardltial number as ^dybyCiai^ has the number 3» that is to sayy let us agree 

to choose the set ^^^biaydy^ as a standard for tho number 5» I<et us further 

1 

agree to the following standards! 

Mar set equivalent to has the cardinal number 



find the set from th© liet of standard sets which is equivalent to D and 

give D the number for that particular standard seto Sinco 

tho number for D is 4# ^his use of equivalent sets to e;iplaln number 



ft 



0 



2 



1 




and so forth o 



Hot® thatg from this viewpoint » no counting is involvedo If w© want 
to know th© number for the which w@ will call I)» we must 




1 



1 
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«A imiVERSAL 

are bonsiderihg standard seta prlBarily to etreea the one-one 
oorreepondenod baele of cardinal nunhor. However, so»e insist into the 

nathenatloian*8 use of standard sets can be gained by analogy to the. 

0 

^8ioiet*8 use of standarde for physical nnitso 

our selection of alphabetic sets for standards was Bade for convenience 
08 you oi^t bhoose a convenient yardstick as a standard for measuring the 
hei^t of a window. But scientists have recognized the need for universal 
standards. Universal standards for length have been internationally 

adopted! 

In 1869 the International Bureau of WeJ ^ts and Measures 
prepared a nuasber of platinum-iridiuB meter bars and determined 
with great axaotness the length of each. One bar, No. 6, was 
adopted as the International Prototype, its length being 
considered 1 meter. 

I 

Recent developments have allowed even more precise standards, for instance 
in 1948 we finds 

Bevelopments in spsotroacopy make it possible to define 
length in terms of wave lengths of li^t. This has the 
advantage of providing a primary standard simultaneously 
available in many different places and not subject to 
distruction or alteration. On© meter equal to 
wave lengths of rod cadmium radiation has gained wide^ 
recognition and is used by the International Astronomical 

Union.^ 

I^ter, in I960, action was taken on an international basis* 

It was agreed at the Uleventb General (Intematio.^al) 

Conference on V/eights and Measures to redefine the meter in 
terms of the wavelength of the orange-red radiation in vacuum 
of krypton 86 corresponding to the unperturbed transition 
between the 2p and 5d levels as follows* 

2 

1 meter 1,650 763o75 lengthao 



National Council of Teachers of Mathematics, ffleijetrig^ystem^ 
Weights an d Mea atires, Bureau of Publications, Teachers College, Columbia 
University, Nev; York, (1948), pp. 297-298 

2. ^‘Units of Weight and Measure”, United States Dept, of Commerce, Natl. 
Bureau of Standards, Kiscellaneoue Publications 235 > 'Washington D.C., 

(I960), p. 3 
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im tlM plqreloiBt has at^ptod to root his aolenoo in fundaiDtntal 
llqroi^ ]^noiieiiai the pare natbenatloiazi has tried to root hie doDaln 
1ft fondavental logioal and unthenatloal oonoepte* As mentioned at the 
beginning of Unit 11^ one of the moot baaio mathenatioal oonoepta la the 
aet oonoeptf and fbrthert the moat radlnontarar aet of the empty aet» 
Benoet aeta built up using ^ and the baaio notion of aet formation hare 
be^ offered aa unlrersal standards for number* In 1923 1 Heunann^ 

auggaated the follOwingy which have gained some recognition i 



integers that precede It*) 

As with physical measurement f the universal standards for number 
(like the other mathematical definitions of number) are hot used in eveiy-» 
day situations y althoug^y like the wave length definition of a meter p the 
proposed number standards are universally available* Aa the physicist 



refers to his universal standards when he wants to be extremely precise 9 
so the pure-raathomaticien refers to his universals in establishing 
fundamental mathematical laws* 



1 *. von Neumann, J* ”Die Aadomatisieruag der Mengenlehre*” Math o^ 

Volo 27 (1928), 669-752 

2o. IPhe term ”non«negativa integer” is used rather than ^natural number” 
or “counting number” because 0 is included hereo 
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JaCBRCISBS AKD DlSCUSSIOri (^UJfiSTIONS 

X* X^t A m £rf8|t}e Give a set which Is equivalent to A hut not equal 
to Am Bov aexiy different sots are equal to At 
Whidh experiiDents described in Unit I oonoem children who fail to 
oonser^e one^one correspondence over configuration? Explain. 

3o paired in two different vajrsy naoMiiljrt 

a b a b 

and 

0 d do 

Sl^pare ?• Figure 6o 

if we are oonsidering only which pairs of eleiaents are used* In how 
many different ways can and ^dfOyf}* be paired oohsldering only 

changes in pairing? 

4* Using an alphabetic standard sot, explain wljy the number of fingers 
on your left hand is 3* 

% Describe how the primitive king of Unit I might have set up and 
used standard seta for his kingdom. 

6. What pairs of sets ndgiit be used by kindergartners for learning 
about one to one correspondence? 

*?• Would the set Russell defines to be 2 servo as a standard set for 
2 ? 




Unit Counting and Order 



THE COUNTING PEtOCESS 

There lo an alternate way of , oonoelving the natural nunbere wbidh 

I 

does not Involve the cardinal idea oit "number for a set** at its outset f 
as was the dase in Unit JIo We can investigate the rote-*oounting prooess 
indepradently ot iis use in enumerating elements of sets* In sO doingy we 
arOy in a sense y putting ourselves in the position of a three or four year 
old ohild who has learned the sounds "one"y "two'% "three" y and so ony in 
orders but who has not learned the speoial use of these sounds as symbols 

^ t 

desoribing the number of elements of a set# A ohild learns this seciuenoe 
of sounds just as he Idams the sequence of sounds "a"y "b"y "o"#.#y and 
as you can seey there is just as inuoh in the sound "a" to suggest this 
manyi m as there is in the sound "five"# 

Two notions basic to the natural numbers are crucial in rote-oountingi 

(1) Rote-counting stairto with "ono-^ 

(2) At any point in counting^ there is a proper next sound# A ohild 
who rote counts "three, four, five, six" fails to comply with (l) and a 
Child who counts "one, two, six, seven" fails to comply with (2)# 

PEANO DEFINITION OP TIffi NATUML NOJIBERS 

A mathematical definition of the set of natural numbers which can be 
seen to stem from the counting process is the Peano system (1891 ) 9 which 
was developed by an Italian school of mathematical logicians in the latter 
part of the 19th century#^ Their procedure was to define the sat of 






1 , Peano, S., "Sul Coaoetto di Nuoero", Riyiata P.IjiataffiMa ai' Tol. I 
(1891), po 90« 






natural nunbars to be a set which has certain characterizing properties, 
taken as axioas* 

This is the sooe general procedure used, for exaiople, in defining 
the set of children to aake a trip to the fire station 1i^ requiring then 
to have the following properties t 

(a) they are kindergartners 

(b) their teacher is Mrs. Appleeet 

ip) they have a note of penoiasion from home<> 

In a modified form, the Peano system says that the natural numbers 
are the elements of a set which has properties (l) and (2) of the previous 
section, together with 

( 5 ) once a number has occurred in the counting sequence, it won't 
occur again 

(4) any natural number can be reached by counting far enou^o 

The Peano definition was one of the early axiomatic definitions of 
the set of natural numbers (i«e. a definition made by requiring that the 
object defined satisfy certain axiomatic properties, rather than a 
definition directly stating what the defined object is, such as the Russell- 
Psfege definition )o The Peano properties were originally stated in a 
technical language of symbolic logic® The properties stated above are not 
intended to reflect precisely the Peano system, but only to give the 
general flavor of the approach, in the context Of our emphasis on counting® 
Counting was avoided in the original formulation by using the more 
elemental notion of successor (2 is th© auoceasor of 1, 7 Is th© successor 
of 6)0 A statement of the defining properties which is closer to Peano' a 
original is § 

(1) 1 is a number 







» * 

(2) th« aucoflBBor of any nunber is a nunbeaf 

(5) no two numbers have the same suooessor 

(4) 1 is not the sucoessor of any number 

(5) any property which belongs to It and also to the successor of 

evely number whidi has the propertyt belongs to all natural numbers* 

Otett AND COUIOTNG 

In the preceding unit, in order to keep the basic set ideas as simple 
as possible, the idea of an order for the elements of a set was avoided. 

For erampla, {a,b,^ « and the only reason that order sneaked in 

at all is the necessity of writing the three letters in some order. 

However, in rote counting, order becomes important. Therefore, to avoid 
confusion, if i^e wish to denote that the elements of a set are to be 
thought of only in a certain order, we will replace -the braces with 
parentheses. Thus, while £a,b,c3 « ^o,a,^, (a,b,o)/ (o,a,b) , i.e., 
(a,»b,o) and (c,a*b) are different ordered sets . 

\'IQ can now see a child who can dependably count to four as having a 
i^orking acquaintance with the ordered set of sounds (one, two, throe, four) 
Note that you have an advantage over a four or five year old in understand- 
ing the nature of this set. You have a double perception of the order in 
whioh the elements occur. First, you can hear the order as you rote 
count) you say "two” some time before you say "five” just as the child 
does. You also have a long established visual perception i you perceive 
that ”two” is written somewhere to the left of "five”, when the numbers 



lo Russell, op. cito pp. 



are written in their proper order. Equating "to the loft of" with "before” 
ia the result of imich leamlngy as teachers of early-eleisentary grades well 
know* 

We will postpone a more detailed consideration of the order idea for 
its own sake, and proceed directly to the connections between rota counting 
and cardinal numbero As mentioned above, a child who can dependably count 
to four has a working acquaintance with the ordered set of sounds (one, 
two, three, four), even before he has aasooiated any visual perception' 

r 

with the sounds. In fact, if the child can stop counting at will, he can 
sa;^, in order, tho elements of any of the ordered sets of sounds below* 
(one) 

(one, two) 

(one, two, three) 

(one, tv;o, three, four), 

(oooo. 0*000. •. o) 

and, as the child euctends his rote counting, his list of ordered sets 
grov/So 



APPLICATION OF ROTE COKHOTING TO CARDINAL NUMBER 

A 3 soon as the sets above are vjritten (if not before) it becomes 
clear that they are the sots ordinarily used as standard.^ in cardinal 
jEiumber situations o But our use of one of these sets involves more than 
the arbitrary selection of a set of sounds as a standard seto Th© saying 
order of the sounds in the set is crucial o A child who counts the 

««%jMCwrwru3M*» 

Glomente of the set {a in either of the saying orders indicated by 
the' arrox^a has produced a one*»one coiTespondence botw©^ three) 






"one” "three” "two" "one” "tv/6" "three" 



/V 



o 

Figiiire 9« 



D 



o 

Figure 3,0 1 > 
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end Imt he hae not oounted the eleoenta of properly o Thus 

the order in the etondard sets is essential. 

But wily inust this complicating notion of order be injected? We have 
agreed to say that a sot has 5 elements if it is equivalent to {twOf 
three • onej. Why talk of another use of three? The answer is that# by 
Insisting on order » we can obtain the economy of using the symbol for 3 
in two different ways: 

(1) "Three” is the last element in the ordered set of sounds 
(one» tv;09 three)* and 

(2) "Three” is the symbol for the cardinal number which applied 

to means that it is equivalent to (one, tvio, three). 

Thus vre see the cardinal number idea as fundamental. For any set, 
the fundamental number question is: what is the cardinal number for the 
set? A basic technique for answering this question is to count the 
elements Of the set, that is, to form, in a one after the other manner, 
a one-one correspondence between the set in question and the one and 
only set of the ordered sets (one), (one, two)*#, with which such a 
correspondence can be made, and then to gj.ve the set in question the 
number named by the last element in the ordered set used to count it. 

ORDINAL USAGE OP COOTITING 

In many situations, a particular number«objeot match is sought 9 
rather than the cardinal number of some set# For example, consider a 
well organiaed, artiotio socialite, who has received flowers* 

"Bring me the thix‘d vase from the left from the top shelf,” she 
directs her husband* At this point, the problem that confronts the 
husband is the identification of a particjular vase, rather than the 
determination of the cardinal number of a set, even thoiag?a he may count 




26 



to three In the course of the solution « This usage of nuiober hat 
traditionally been called the ordinal uoag^ a 

As illustrations of ordinal usage » let us consider uses of number 
involving a man and his automobile . li cense y starting as he enters the 
Xiicenoe l^reau to purcdiase his plates* As he takes his place at the end 
of the linoy he gain^ both a cardinal and an ordinal fact by a single 
act of counting* He learns that he is thirteenth in liney and that I 3 
people v;ill be served before he returns to his car*- 

Finally the license plates are purchased; the number is HO IJlJ* 

Does the auto owner us 1515 oardinall:/ or ordlnally? Probably neithei* 

To hiray HO 1515 only another temporary name for his vehicle y to be 
used in formal situations > such as in completing insurance forms* 

A few weeks later, NO 1515’*3 owner has a minor scrape in the 
parking lot, in which his bumper scrapes some paint from the fender of 
a parked oar* Since the tiny scrape is incoaaequential, he leaves the 
area iffiiaediately# The omev of the scraped car, however, v 7 ho retu 3 ?ns to 
the parking lot in time to note that NO I515 the license number of the 
departing culprit, does not feel that the scrape is inconsequential* He 
notifies the police, who notify the license Biareau*- The Bureau uses I515 
ordinalSy to identify the oar’s owner* 

Leaving FO 1515®0 owner to his fate, let ua examine the process 
that the clerk uses in locating 1315 NO section* He finds the 

page containing inumbers 150D«*15/t0, puts his finger dm^m at a guess point, 
which turns out to be 15085 and moves down the page to 1515 <> 

In using this process to find 15139 the clerk uses skills based on 
a thorough knowledge of the counting process* V/h©n he reads his guess 
of I3O85 he knows immediately that he must move down the page rather than 
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upf and that he la near enough to so that he can move hia finger 
down the page In a quick counting-like process ^ rather than making a 
Jump to a new gueaa* 

5?he process of finding a particular number In a sequence of 
consecutive numbers occurs in the early grades as children try to find 
the proper page in their reading books* In gaining proficiency at this 
skilly children build on their ability to count* First y they learn to 
recognize which of any pair of numbers is larger. To see how this relates 
back to countingy compare it to using the diotionary* Are you sure 
Imrosdiatoly which of 1 and h cornea earlier in the alphabet y or do you 
recite to yourself, "hyiyJskyl"? 0?hen a child must extend his knowledge 
of the sequence of natural numbers until, at a glance, he knows not only 
which of two numbers is larger, but roughly how far apart they are# 

(Hote that this question, i*e* how far nmst I go to get from this page to 
the page I want? is a cardinal number question? the most direct solution 
for an exact answer v/ould be achieved by counting the set of intervening 
pagsB.) 

V/a see then that the counting numbers are used ordinally as woll as 
oardinally* In ^;hat follows, sets of numbers which are not in the usual 
one-after-'* the -other sequenco \-dll be used ordinally* 



ORDIHAL USF, OF HOn-COJ3BJi3CtJO?IVE SF'fS OF HUMBSP.S 

auto owner* 3 lioenso number isj to him, usually only a name for 
his car# Oimilarlyy for '.Dare, a casual spectator, the number on the back 
of a fonseball pXajor'o uniform? io a, naiue. a hcuKllo, with which to keep 
track 07? a player « ‘fhe s.’^Tubol wciil'.! do ao nicely ae iih.G symbol 
V.TJ tl\3 other a loaa caori:,'?’. fans who cuo'yer? for niclt 

■yjeations ao, vho is ...5? the rl'-ye.? uwryhe::.'.’ rw<.'Qri"irj.''v to 
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a ll8t» part of vhl^ int 

k Beraetsr 

6 Kallne 

23 Horton 

2 h Stanley 

26 Brown 

30 Horthrup 

31 Hedoond 

Bren though the numbers used in the list are not oonseoutiyot they 
facilitate the Identification of players. But the process of locating a 
particular number in the sequence may be more trouble than when the 
numbei^s are oonseoutiV’o. Whether one must go up or down a list such as 
this one to get from one number to another is decided in the same manner 
in which it would be decided if the list contained all the natural numbers 
from 1 to 51® making even a rough estimate of how far one must go to 
get £Vom one number to another is a chancey business. To use another 
exaiTiplOf consider the confusion that can occur in txying to locate an 
address when the house numbering Jumps 1000 unescpeotedly. ' 

The use of sets of natural numbers which are in their usual order 
but vThioh are not consecutive suggests that situations exist in which the 
’^next after’* or successor properties of the set of natural numbers are not 
essential* In fact, as the following section shows, there are circumstances 
in which a set (usually a set of numbers) is needed for ordering in which 
elements do not have successors, i.©. in which there is not an element 
"next after” each element. 

ORBBH WITHOUT SUCCESSOHS 

A situation somewhat similar to searching for a house by making use 
of its address is searching for a book in a library using its call number. 
As in the ordinal usage of the natural numbers, two sets are involved? the 
set of which we seek a particular element, i.e. the set of books in the 
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XlbraTSTv and the order keeping &et, i»e« the set of call nuxaherso On a 
particular da^i a call timber in the set of call nuiabers used In the 
library has a successor* QA. 1 .H ^8 may be next after QA 1 *N ^7» However, 
on the following day, the library may acquire a book which, according to the 
Library of Congress system, should be after CiA 1 oN but before QA 1 .H ^6* 
This book might have been assigned the number QA 1 *N ^+75» 

The set of natural numbers is inadequate for* use as an order keeping 
set in situations such as this since the successor properties do not allow, 
for example, a number between 47 and 40. However, the natural numbers can 
be extended to an adequate set by introducing decimal fractions* Between 
47 ond 40, we can introduce 47*5* ^i^hue, in the set of all decimal fractions, 
as in the set of all possible Library of Congress call numbers, it is 
meaningless to speak of the successor of an element* 



*S3KPLH1 ORDER 



In the preceding sections , wo have seen how ordered sets of numbers 
are used to keep track of the oXemmits of other sets, for example how a 
set of house numbers is used to keep track of a sot of houses * But the 
idea of ordor itoolf has been analysed only partially, by no'iing such facts 
as (a,b,Cf) / (o,a,b)o It is pooslblo to bo more procioo about what is 



fficent by saying that a set is ox'cioredo 

I/it no ’aoo the symbol to goncraliao .fron the itloao ’'to the? of'', 
”boforo'% '^Icar. tho-i**, ’-oarlior’’, etc* I/at >1* br 
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poasiblUtles below le troat 

i 

X «< y or x'sy or y<x (trichotomy property) 

(2) if x,y, cund z represent elenients of S and if 
xCwy and y <.0 
then It must be true that 

» 

x<^z (transitivity property ) l 
T he set of natural numbera is airaply ordered, but the concept of 
aiwple order, defined by the trichotorry and transitivity propartieo, is 
more general than. the natural number idea# The sat <Df all momenta in 
time is siraply ordered by th© relation "before '% but the elements of this 
set are too nur^serous to keep track of with the natural numbers © Another 
such exarople is the set of all points on a horizontal line vdth the 
relation "to the left of". 

The formulation of simple order given by Cantor in 1695 ^asi 

V/e call an aggregate H "simply ordered" if a (jlefinite "order 

of precedence" (Eangordnung) rules over its elements, m, so that, 

of every Wo elements and one takes the "lower" and the 

other the "higher" rank, and so that, if of three elements ra-, 

ni«, and m«, ni- say, is of lower rank than hJoj is of 

l§wer rani th^ ra., then is of lower rank^thaii ml 
(> y i. _ 5 

The relation of two elements and in which m- has the 
lower rank in the given order of pi’eoedonce and the higher, is 
expressed by the formula©* ^ 

® 1<®2 • 



^ORDIHAL KIOMBER 

A general notion of ordinal number can be developed independently of 
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the ordinal ueaga of the natural numbors using a more restricted 
definition of the one-one correspondence o Consider two ordered sets« 

A - (a^bgo) and B « (1,2,5). Ignoring order, these two sets can be 
shoi'm to be equivalent by various matchings, including 
a b 0 a b c 

and 

1 2 J 12 5 

However, only the second matching preserves the order, that is, only the 
second matching assures that if tv;o element a in A are related by< , then 
the corresponding elements in B are also related by 5’or eatample, in 
the second matching above, the fact that a<b in A is reflected (preserved) 
in B by the fact that 1<2. But in the first matching the order is not 
preserved, as is shown by a<,b, but 

Definitions Two ordered sets whose elements can be matched in such 
a way that oa?der is preserved are called similar and are said to have the 
SQM& ordinal numberc 



An example of a simileirity between two simply ordered sets that 
children learn is the similarity between the ordered set of sounds (one, 
tifo, three, ..o) and the ordered se& of written symbols, (1,2,5, *<»o)o 
Another often used similarity between two so'fiG is the one bot^reon the set 
of moments in time and the points on a lines 
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1000 BG 500 BO 0 500 A'i> 1000 AD IpOO /J) 2000 AD 

In fact, any timo en ordcrol of s;:;:nbols is used to denote the 
03<mient2 of a set (heuso nv.vcb'ar'- fo:‘ tl-o houses en ono oidG of a street, 
etc.), 0 simiXerity bc-to-ceri tbo o'e • ( m ’ .••yj-uiol:! jauO tba i-et '.••.n 
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imCATIOKS FROM PSYCHOLOGY 

Peydioloslst?^ havo studied the derelopment of order ideas lyy ohildren. 

As in the case of cardinal nutnbor ideas f they found various developnental 

stages* As an illustration of the type of work done« a desoriptidn of 

part of one of the less involved experiments performed is quoted below t 

The child is given a set of ten little sticks of varying 
lengths and is asked to fora the series from the shortest (A) 
to the longest (K)* As in figure 11, when this has been done, 
he is given, one at a time and in order, nine more sticks (which 
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Figure 11 



we shall call a-i)* H© is told that these had been forgotten 
and are now to be inserted in their places o 

We then get the series? AaBbCoMSePfGgHhliKk* 

The general results wares 

There are throe distinct stages in the seriation of the 
stiokBooo First comes a period (both subjects whose beba\dor 
was analysed were k years, 0 months) during which the child 
always fails to make the complete series, even, for A-K, 

Succeeding only in making several short series which he puts 
side by aide without regard to the order of the v/hole aex’ieso 
Or else he succeeds in building tho staircase, but only considers 
the top of each stick, and disregards the base, and thus the 
total leng^di of each eXemont, so that hio staircase is only 
regular at the top, and as the sticks are not pHaced in a 
horisontal line they are not in tho correoct order of siaeo In 
the oGcond stage (oubjocts in thir' stage ranged from 4 years 6 
rac?ntho to 5 10 £'ontLt:-)s r.hild succeeds, by ti’ial and • 



error, in making a correct oh 
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Howerery it cannot bo assnood tliat a child vfho has reached the third 
stage is equipped to handle all problematic situations which can bo 
resolved into simple questions involving order. If the concreteness of 
the sticks of this experiment is replaced by hypothetical abstraction, the 
developmental level required Jumps from what Piaget calls the period of 
"concrete operations" to that of "formal operations". 

The following neat example comes from one of Burt's tests* 

"Edith is fairer than Susan; Edith is darker tlian Lily; who is 
the darkest of the three?" How this problem is rarely solved 
before the age of 12. Till then we find reasoning such as the 
following* Edith and Susan are fair, Edith and Lily are dark, 
therefore Lily is darkest, Susan is the fairest and Edith in 
between. In other vjords, the child of 10 reasons formally as 
children of years do when serializing sticks* and it is not 
until the age of 12 that he can accomplish with formal problems , 
what he could do with concrete problems of size at the age of 7 » 
and the cause of this is simply that the premises are given 
pure verbal postulates and the conclusion is to be dra^nn... 
without recourse to concrete operations. 



COHCLTJBIHG REMAHiCS 

In these units we have considered basic counting and order concepts 
primarily froia an informal, but essentially logical point of view. 
Hopefully, at this point it is apparent that the ideas that young children 
(including k 2 ,nderga.rtners and first graders) ar© expected to digest are 
not totally obvious. Russell has said* 

The most obvious and easy things in mathematics are not 
those that come logically at the beginning; they are things that, 
from the point of view of logical deduction, come somewhere in 
the middle. Just as the easiest bodies to see are those that 
ar© neither vexy near nor very fax*, neither very ©mall nor voiy 
great, ©o the easiest conceptions to CTasp are those tiriat are 
neither very cogplex nor very simple (using "simple" in a 
lofedcal sense) 6*^ 



Ir, Haget, Jean, The P sychology of Intalligences 
Paul Ltd., London, T19507 p«^^^ 

2o Russoll, op. oit. p»2. 
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SNirthery the difficultiee in teaching basic mathematical ideas to 
children are only partially solved ty well stated logical premises and 
insightful paychologioal experiments 9 although these are helpfulo Stating 
a definition of cardinal number to a child won't help him much in learning 
what he needs to know about how much 1^0 isj pointing out to him that 
cardinal number is preserved through one-one exchanges won't convince him 
that pennies exchanged for candies in a one-for-one manner will produce 
1^ candieso 'fheso things are learned through experience® A part of the 
art of teaching is knowing what worthwhile ideas a child is capable of 
learning and finding a great enough variety of experiences to allow him 
to gain a full grasp of those ideas® 



EXERCISES /UID DISCUSSION QUESTIONS 

1^. In the early grades , obildran can use counting to find how many 
children are present 5 and to bob if there are enough cartons of milk 
for the i^hole clp^sso List some other situations in which children 
can gain experience with counting ob,jectso 

2 o The ancient Crreeks used letters of their alphabet for countingo 



If we were to use such a schSEiOj what would be the dual smthamatical 
rol© of the symbol 

i 

Wljy might learning the usual left to right order of x«i?itten 



symbols conflict with iQxnxlng to use rote-^eounting finding th® 



cardinal number of a set? 
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5o The set of children in a olaee can he ’’ordered” in many ways, 
for example by using their birth dates or telephone numbers o List 
several other v/ays of ordering the children in a class* 

6o Sometimes a relation appears to order a set when actually it 
is too nebulous to do so. There is a story of a king who tried to 
use ’’more beautiful” to order his ten daughters, only to find that 
each was more beautiful than all the others. Children sometimes 
assume that such false orderings are valid; for example they 
assume there is an order of desirability among the available 
playthings, hist several other false orderings . 
i^7o Consider the set of points pictured in Figure 12 and the 

relation ’’above”. 



a 



h 



c 
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Figm?0 12 0 

BO 0 S this relation have the trlohotosiy property? the transitivity 
property? Is it a sinple order? a partial order? 

»8. Give two exa-nples of ordered sots which are partially ordered^ 

but not simply ordered-. 



